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Abstract
Magnetic loop antennas are valuable for low frequency radar and communications appli-
cations, especially for frequencies below 1 MHz. The present paper examines a possible
new type of magnetic antenna which is based on a spherical distribution of source electric
current. Specifically, this analysis examines a spherically shaped azimuthal electric current
density with a magnitude that is proportional to the sine of the spherical elevation angle. A
theoretic analytic investigation of the resultant electromagnetic (EM) fields yields an exact
closed‐form solution of Maxwell's equations which is expressed in terms of a small number
of elemental functions. This emanated radiation has a purely dipole structure, with the
absence of any higher order multipole contributions. This pure dipole property might offer
new applications in radar and communications, provided that suitable physical antenna
systems can be fabricated based on the subject theoretical concepts.
1 | INTRODUCTION
Magnetic loop antennas are valuable for low frequency radar
and communications below 1 MHz centre frequency (e.g. Ref.
[1, 2]). Specific applications include underwater communica-
tions (e.g. Ref. [3]), mobile phone communications (e.g. Ref.
[4]), subsurface tomography (e.g. Ref. [5]), and medical imaging
(e.g. Ref. [6]). The present investigation considers a possible
new member in the family of magnetic antenna geometries
which does not seem to appear to the literature. Specifically,
the present analysis develops the detailed calculations of the
emanated radiation corresponding to a spherically shaped
electric current density. In this model, a source electric current
density flows on the surface of a sphere in the azimuthal di-
rection about some axis passing through the centre of the
sphere. The temporal dependence of this electric current flow
is permitted to be general but can be assumed to vary sinu-
soidally in time for an example case. In addition, the magnitude
of this electric current density is proportional to the sine of the
spherical elevation angle.
The present investigation includes a calculation of the
electromagnetic (EM) fields for the spatial regions that are
both interior and exterior to the spherical shell of electric
current density. The resultant EM fields yield an exact closed‐
form solution of Maxwell's equations which is expressed in
terms of a small number of elemental functions. This emanated
radiation has a purely dipole structure, with the absence of any
higher order multipole contributions.
The problem of computing the EM fields for this spherical
electric current density appears to be relatively unstudied.
However, there exists a rich history of prior research in circular
magnetic loop antenna geometries. Initially, a number of re-
searchers examined the far‐field properties of circular current
loops. In particular, Foster [7] calculated the far‐field EM fields
for electric current loops with any radius relative to the radio
frequency (RF) wavelength. In addition, Wu [8] further inves-
tigated thin circular loop transmitting antennas. Later, Greene
[9] developed the near‐field properties for a small circular loop
antenna.
In 1996, Werner [10] and Overfelt [11] independently
developed infinite series expansions for the EM fields gener-
ated by arbitrary circular electric current loop density profiles.
The particular expansions are different for these researchers,
but their methods share a common feature in that both are
based on the calculation of vector potential functions. Both
researchers showed that their EM‐field series expansions agree
with the expected far‐field results. In the following year, Li
et al. [12] developed yet another form of an infinite series
expansion of the EM fields for a thin circular electric current
loop based on a Dyadic Green's function. Later analyses
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include that of Hamed and Abbas [13] and Hamed [14, 15] in
developing other forms of infinite series expansions for the
EM fields for a thin current loop by using a scalar Green's
function.
The references above primarily consider electric current
loops. However, the present investigation calculates the EM
fields for a spherically shaped electric current density which
involves a different but similar set of calculations. As such, the
circular loop references provide a valuable background.
However, the calculations for the subject spherical electric
current density developed herein are derived from first
principles.
The next section presents the form of the assumed
spherical electric current density, and Section 3 derives the
corresponding vector potential. Then, Section 4 demonstrates
that the calculated vector potential yields an exact solution of
Maxwell's equations. Afterwards, Section 5 gives the resulting
Poynting vector and beam pattern. Finally, the conclusions are
summarized in the last section.
2 | ELECTRIC CURRENT DENSITY
The present model examines a source electric current den-
sity that flows on the surface of a sphere, which is assumed
to be of radius a. This surface current flows in the
azimuthal direction about some axis passing through the
centre of the sphere, which is assumed to be the bz axis of a
Cartesian coordinate system. The temporal dependence of
this current flow is permitted to be a general function ψ(t)
of time t but can be assumed to correspond to that of
simple sinusoidal variation in time as an example case. In
addition, the magnitude of this surface electric current
density is selected to be proportional to the sine of the
spherical elevation angle θ. Thus, the electric current density
on the sphere surface is:
Kðr; tÞ ¼eIsinðθÞ bϕðϕÞψðtÞ; ð1Þ
with eI equal to a constant parameter which is directly pro-
portional to the total electric current on the surface of the
sphere.
In Equation (1), the position vector r = {r, θ, ϕ} defines
the radius, elevation angle, and azimuthal angle, respectively,
for spherical coordinates in which the origin lies at the sphere
centre. The form in Equation (1) conveys that the spherical
unit vectors fbrðθ;ϕÞ; bθðθ;ϕÞ; bϕðϕÞg vary with θ and ϕ. The
following is used to transform between spherical coordinates
r = {r, θ, ϕ} and Cartesian coordinates r ≡ {x, y, z}:
x¼ r sinðθÞ cosðϕÞ;
y¼ r sinðθÞ sinðϕÞ;
z¼ r cosðθÞ:
ð2Þ
The analysis herein invokes the standard definition of the
one‐dimensional (1‐D) Dirac delta function δ(⋅) (e.g. Ref. [16]):
δðx − bÞ ¼ 0; for x ≠ b: ð3Þ
The second part of the 1‐D delta function definition is
∫ p
q





Equations (3) and (4) give the standard result:
∫ p
q





Using Equations (3)–(5) and the surface electric current
density K(r, t) of Equation (1) permits the corresponding







for a sphere of radius r = a. Equation (6) is expressed in terms
of a parameter I0 that is equal to the total electric current
flowing on the surface of the sphere. Thus, I0 ψ(t) is the total
instantaneous electric current on the sphere surface. The
rationale for selecting the various coefficients and the expo-
nential powers of r in Equation (6) follows from a detailed
calculation of I0 and is given in Appendix.
For much of the remainder of this analysis, a single Fourier
harmonic of the temporal variation of the EM field is assumed.
Denote the angular frequency for this single Fourier harmonic
to be ω and the corresponding wavenumber via k. Next,







After single‐harmonic solutions for the EM fields have
been computed, standard methods can be used to generate the
fields for an arbitrary temporal variation of ψ(t).
The electric current density flows azimuthally in the bϕðϕÞ
direction about the bz axis of the spatially fixed Cartesian unit
vectors fbx; by; bzg. Coordinate transformations enable bϕðϕÞ to
have the form:
bϕðϕÞ ¼ −sinðϕÞ bx þ cosðϕÞ by; ð8Þ






sinðθ0Þ f−sinðϕ0Þ bx þ cosðϕ0Þ byg: ð9Þ
Here and throughout the remainder of this analysis, spatial
points corresponding to the source electric current are denoted
using primed coordinates r0, whereas observation spatial points
are shown with unprimed coordinates r.
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The present approach involves the calculation of the vector
potential A(r) based on the selected form of the electric current
density J(r0). Following similar prior analyses (e.g. Refs. [1, 7,













permeability μ, the volumetric integration element d3r0, and the
distance R(r, r0) between a source point r0 and an observation
point r:
Rðr; r0Þ ≡ jr − r0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi




3 | VECTOR POTENTIAL
CALCULATIONS
The section develops the details of the calculation of A(r) in
Equation (10) based on J(r0) in Equation (9). First, express the














Next, separate J(r0) of Equation (9) into its two Cartesian
components:
Jðr0Þ ¼ Jxðr
















Use of Equation (13) within Equation (12) enables the
separation of A(r) into its Cartesian components:


























































expðiϕ0Þ − expð−iϕ0Þf g;
ð21Þ









A−ðrÞ þ AþðrÞf g;
ð22Þ













Next, the present investigation invokes forms involving
spherical expansion functions, as developed by Stratton [17]
(originally published in 1941), Harrington [18] (originally
published in 1961), Harrington and Mautz [19] in 1972,
and Hamed and Abbas [13] and Hamed [14, 15] in 2012–2014.




¼ −ik hð2Þ0 ðkRðr; r
0ÞÞ; ð24Þ
wherein hð2Þ0 ðkRÞ denotes the spherical Bessel function of the





0 r0 δðr0 − aÞ ∫ π0 dθ
0 sin2ðθ0Þ
�∫ 2π0 dϕ
0 expð�iϕ0Þ hð2Þ0 ðkRðr; r0ÞÞ:
ð25Þ
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The present analysis makes further use of spherical
expansion functions, as developed in Refs. [13–15, 17–20].






eT mðr; r0; θ; θ0Þ expðimfϕ − ϕ0gÞ: ð26Þ
In Equation (26), eT mðr; r0; θ; θ0Þ is defined for non‐
negative integer values of m, that is, m = 0, 1, 2, …, to be
eT m ðr; r











Negative m terms in Equation (26) are identical to the
corresponding positive integer values:
eT −mðr; r0; θ; θ0Þ ¼ eT mðr; r0; θ; θ0Þ: ð29Þ
In Equation (27), Pmn ðcosðθÞÞ represents the associated
Legendre polynomials. In addition, ef nðkr; kr
0Þ of Equation




0Þ jnðkrÞ; for r < r0
jnðkr
0Þ hð2Þn ðkrÞ; for r > r0
(
ð30Þ
Here jn(kr) denotes spherical Bessel functions of the first
kind of order n, and hð2Þn ðkrÞ represents spherical Bessel
functions of the third kind of order n. Substituting Equation










eT mðr; r0; θ; θ0Þ
�∫ 2π0 dϕ
0 expð�iϕ0Þ expðimfϕ − ϕ0gÞ: ð31Þ








T mðr; θ; θ0Þ
�∫ 2π0 dϕ
0 expð�iϕ0Þ expðimfϕ − ϕ0gÞ;
ð32Þ
with Tm(r, θ, θ0) defined for non‐negative m via Equation (27)
with r0 = a:
T m ðr; θ; θ0Þ ≡
X∞
n¼m
Γm;n Pmn ðcosðθÞÞ P
m
n ðcosðθ
0ÞÞ f nðkrÞ: ð33Þ
Also, the following determines the negative m terms in
Equation (32):
T−mðr; θ; θ0Þ ¼ T mðr; θ; θ0Þ: ð34Þ
In Equation (33), fn(kr) is defined using Equation (30) with
r0 = a:
f nðkrÞ ≡
hð2Þn ðkaÞ jnðkrÞ; for r < a
jnðkaÞ h
ð2Þ












T mðr; θ; θ0Þ
� expðimϕÞ∫ 2π0 dϕ
0 expð�iϕ0Þexpð−imϕ0Þ:
ð36Þ
There is only one non‐zero term in the summation in
Equation (36):
A� ðrÞ ¼ −
iμI0ka
4
expð�iϕÞ ∫ π0 dθ
0 sin2ðθ0ÞT�1ðr; θ; θ0Þ:
ð37Þ
Here, T±1(r, θ, θ0) explicitly has the form:























Now consider the definition of the associated Legendre
polynomials Pmn ðuÞ in terms of the Legendre polynomials
Pn(u) (e.g. equation (E‐16) of Ref. [18]):







If u = cos(θ) and P1(u) = u are applied, then P11ðuÞ
reduces to
P11ðcosðθÞÞ ¼ −sinðθÞ: ð41Þ
Next, notice that Equation (41) implies
∫ π0 dθ
0 sin2ðθ0Þ ¼ − ∫ π0 dθ
0 sinðθ0Þ P11ðcosðθ
0ÞÞ























0Þ ¼ 0; for n ≠ ℓ: ð44Þ
Therefore, only the n = 1 dipole radiation term in Equa-































































Finally, Equation (8) enables the following condensed form
of A(r):
AðrÞ ¼ Aϕðr; θÞ bϕðϕÞ;





No approximations have been invoked in the calculation of
Equation (52), so that this equation gives an exact solution to
Equation (10) with Equation (9). Also, A(r) in Equation (52) is
purely dipole radiation with the absence of any higher order
multipole contributions, even in the near‐field for which
kr ≪ 1. Finally, the inclusion of explicit time‐dependence for a
single Fourier harmonic in Equation (52) yields
Aðr; tÞ ¼ AðrÞexpðiωtÞ ¼ Aϕðr; θÞbϕðϕÞexpðiωtÞ: ð53Þ
4 | EXACT SOLUTION TO MAXWELL's
EQUATIONS
The next step is to demonstrate that the resulting EM fields
yield an exact solution to Maxwell's equations (e.g. Ref [16]):
∇ ⋅ Dðr; tÞ ¼ ρðr; tÞ; ð54Þ
∇ ⋅ Bðr; tÞ ¼ 0: ð55Þ







þ Jðr; tÞ: ð57Þ
These equations determine the relations between the
electric field E(r, t), magnetic field H(r, t), electric displace-
ment D(r, t), magnetic induction B(r, t), electric current density
J(r, t), and electric charge density ρ(r, t). Equation (54) is
Coulomb's law, and Equation (55) is the law of divergence‐free
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magnetic induction. Equation (56) is Faraday's law, and
Equation (57) is Ampere's law.
Solutions to Maxwell's Equations (54)–(57) also require a
set of constitutive relations. The present analysis assumes that
the media are linear, uniform, isotropic, and time‐invariant:
Dðr; tÞ ¼ ε Eðr; tÞ;
Bðr; tÞ ¼ μ Hðr; tÞ; ð58Þ
in terms of scalar constants ɛ and μ denoting the electric
permittivity and the magnetic permeability, respectively. In
addition, ɛ and μ can have different constant values inside versus
outside of the electric current sphere of radius r = a. Often free‐
space values ɛ = ɛ0 and μ = μ0 are used outside of the sphere.
The analysis proceeds by demonstrating that A(r, t) of
Equations (52) and (53) is divergence‐free and thus satisfies the
Coulomb gauge. To confirm, apply (53) within divergence
calculations in terms of spherical coordinates (e.g. inside cover
of Ref [16]):











For such a divergence‐free A(r, t), the corresponding
electric field is (e.g. p. 222 of Ref [16]):




Equations (52) and (53) imply that Equation (60) becomes




f 1ðkrÞsinðθÞ bϕðϕÞ expðiωtÞ:
ð61Þ
Next, use the following involving the angular frequency ω







Then, Equation (61) can be expressed as:
Eðr; tÞ ¼ −
ηI0k2a
2
f 1ðkrÞsinðθÞ bϕðϕÞ expðiωtÞ; ð63Þ















Also, the electric field E(r, t) in Equation (63) satisfies
Coulomb's law (Equation 54) exactly via Equations (58) and
(59) with ρ(r, t) = 0:
∇ ⋅ Dðr; tÞ ¼ ε ∇ ⋅ Eðr; tÞ ¼ −iωε ∇ ⋅ Aðr; tÞ ¼ 0: ð66Þ
The corresponding B(r, t) is computed using:
Bðr; tÞ ≡ ∇� Aðr; tÞ; ð67Þ
which automatically satisfies the divergence‐free Equation (55)
exactly (e.g. Ref [16]). In addition, Equations (53) and (61)
reveal that












so that Faraday's equation (Equation 56) holds exactly (e.g. Ref
[16]).






in terms of spherical coordinates (e.g. Ref [16]). The result is
Hðr; tÞ ¼HðrÞexpðiωtÞ; ð70Þ



































Before examining Ampere's law (Equation 57), it is useful
to express Equation (73) in a more convenient form. First, use
the definition
ρ ≡ kr; ð74Þ
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Next, eq. 35 on p. 406 of Ref. [17] reveals the following for



















in terms of the definition:
g0ðkrÞ ≡
hð2Þ1 ðkaÞ j0ðkrÞ; for r < a
j1ðkaÞ h
ð2Þ









¼ kr g0ðkrÞ − f 1ðkrÞ; ð80Þ










The last of the Maxwell equations to verify is Ampere's law
(Equation 57), so compute the curl of the H‐field based on
Equation (71) with Hr(θ, ϕ) and Hθ(θ, ϕ) given by Equations

























The first term in Equation (82) has the factor
∂
∂r






kr g0ðkrÞ − f 1ðkrÞ
� �
: ð84Þ
Substituting Equation (74) into Equation (84) gives
d
dr














Further insight can be gleaned by considering eq. 35 on
p. 406 of Ref. [17], which shows that the following applies for
all spherical Bessel functions vn (ρ):
d
dρ
ρ−nvnðξÞf g ¼ −ρ−nvnþ1ðρÞ: ð86Þ
Setting n = 0 in Equation (86) gives:
d
dρ






¼ −f 1ðρÞ; ð88Þ
using Equations (35) and (79). Thus, the derivative operation











¼ g0ðρÞ − ρ f 1ðρÞ:
ð89Þ
























f 1ðρÞ þ g0ðρÞ:
ð90Þ
Next, using Equations (85), (89), and (90) implies that













Finally, substituting Equations (83) and (91) into Equations
(70) and (82) yields:




sinðθÞ f 1ðkrÞ bϕðϕÞ expðiωtÞ: ð92Þ
Also, use of Equations (61), (52) and (53) implies
∂Eðr; tÞ
∂t




















sinðθÞ f 1ðkrÞ bϕðϕÞ expðiωtÞ;
ð94Þ
by using Equation (62). Thus, Equations (92) and (94) imply
that Ampere's law (Equation 57) is satisfied exactly with
J(r, t) = 0 for r < a and r > a. Therefore, all four of Maxwell's
equations are satisfied exactly for r < a and r > a with the
calculated A(r, t) of Equation (53).
5 | POYNTING VECTOR AND BEAM
PATTERN





Eðr; tÞ �H�ðr; tÞ; ð95Þ
with the superscript * denoting the complex conjugate. The




−f Eϕðr; tÞH�θðr; tÞbrðθ;ϕÞ
þEϕðr; tÞH�r ðr; tÞ bθðθ;ϕÞ:
ð96Þ
The resulting radial component of the Poynting vec-
tor follows from using Equations (63) and (81) within
Equation (96):













Equations (96)–(98) reveal that the radially outward radi-
ative power scales as sin2(θ) and is isotropic with regards to ϕ.
The radial dependence in Equations (97) and (98) de-
termines the decrease in the radiative power as the observation
distance r increases. The expressions in Equations (97) and
(98) are exact, as no approximations are invoked in the deri-
vations of E(r, t) and H(r, t). The dependence of both hð2Þ0 ðkrÞ
and hð2Þ1 ðkrÞ exhibit the scaling {kr}
−1 as r → ∞ (e.g. eq. 32 on
p. 406 of Ref. [17]). Therefore, wr(kr) in Equation (98) has the
expected {kr}−2 dependence as r → ∞.
6 | RESULTS AND CONCLUSIONS
This analysis has yielded an exact analytic solution of Maxwell's
equations for a spherically shaped and azimuthally flowing
source electric current density. Here, the magnitude of this
surface electric current density is proportional to the sine of
the spherical elevation angle. In addition, the final solution of
the EM fields is expressed in simple closed form in terms of a
small number of elemental functions. Furthermore, these
radiative fields correspond to an exact solution of Maxwell's
equation, without the need for approximations based on the
relative values of the EM wavelength, sphere radius, and
observation point.
The form of the EM radiation resulting from the subject
spherical current density corresponds to a pure dipole with
the absence of any higher order multiple contributions, even
in the near field. Such an ideal radiator might offer utility in
new but yet unforeseen applications for radar and commu-
nications. If a physically realized antenna gives a good
approximation for this idealised concept, then the resulting
near‐field EM radiation is expected to exhibit primarily
dipole characteristics.
The present analysis has revealed that spherical radiators
might offer the potential of transmitting fields with little or no
energy in the higher‐order multipole radiative components.
The weaker near‐field effects for the subject spherical electric
current density imply that generally there will be less interac-
tion, and thus reduced interference, with the platform and
frame onto which the proposed spherical antenna is structur-
ally mounted.
At the time of this writing, there is no known physically
realized antenna which exploits the pure dipole radiation of a
spherical electric current density, as this concept exists only
theoretically. It is likely that most physically realizable imple-
mentations of the subject spherical antenna concept will have
little or no electric current for some non‐zero span of spherical
elevation angles near the two poles. That is, little or no electric
current will flow for θ values with 0 > θ > θ0 or π
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−θ0 > θ > π, in terms of a threshold spherical polar angle
0 < θ0 ≪ 1.
One possible physical implementation of the subject
spherical dipole antenna concept is to wrap electric wire
around a sphere azimuthally about some central axis such that
the density of the windings is proportional to the sine of the
spherical elevation angle. However, there might exist various
technical issues is attempting to generate approximate dipole
EM fields in this manner, due to the mutual coupling of the
various windings in such a design. An alternate implementation
could use different azimuthal conductors for differing spherical
elevation angles, wherein the resulting electric current density
of each conductor is proportional to the sine of the spherical
elevation angle. This second approach is likely to require non‐
zero gaps between the adjoining azimuthal conductors on the
spherical surface, which could induce lobing effects. It is likely
that such issues could require extensive comprehensive
experimental investigations that are well beyond the scope of
the present theoretical calculation and thus are reserved for
future work.
7 | APPENDIX: CURRENT DENSITY
AND TOTAL CURRENT
This appendix confirms that the volumetric electric current
density J(r) in Equation (7) is consistent with I0 being equal
to the total electric current flowing on the surface of the
sphere of radius r = a. This analysis begins with J(r)
expressed in terms of discrete charge carriers. This J(r) can
be carried by one or more charged carrier species, as with
electrons and holes in semiconductors. Suppose that the
carriers of a given species σ each have a charge qσ and are
characterized via a volumetric number density function nσ(r)
and a mean velocity field uσ(r). The corresponding J(r, t) is
found by summing over all charge carrier species σ via (e.g.




qσ nσðrÞ uσðrÞ: ð99Þ
For the case of multiple charge carriers σ, there is an
infinite variety of combinations of the qσ, nσ(r) and uσ(r)
which give the same J(r). Even for a single carrier species of
charge q, there is an infinite variety of n(r) and u(r) which
yield identical forms of J(r). However, regardless of the
particular q, n(r) and u(r) selected to generate a specific
form of J(r), this particular J(r) corresponds to a single
unique value of the total electric current I0. Thus, without
loss in generality, assume a single carrier species of charge q
and then select the forms of n(r) and u(r) which are
consistent with the specified J(r) and which also facilitate
the calculation of I0:
JðrÞ ¼ q nðrÞ uðrÞ: ð100Þ
Begin by selecting a uniform number density of charge




δðr − aÞ: ð101Þ
Here, δ(r − a) is equal to a 1‐D radial delta function of
Equations (3)–(5). Also, N0 equals the total number of carriers,
each having charge q, which are moving on the sphere surface.
The form of Equation (101) is consistent with standard delta
function densities on the surface of a sphere (e.g. Ref. [16]).
The integral of this number density over all space yields the
expected value of N0:
∫ d3r nðrÞ ¼ 4π∫ ∞0 dr r
2 N0
4πr2
δðr − aÞ ¼ N0: ð102Þ
Next, assume that the mean carrier velocity u(r) flows in
the bϕðϕÞ direction and is proportional to r sin(θ):
uðrÞ ¼Ω0 rsinðθÞ bϕðϕÞ: ð103Þ
Here, the proportionality constant Ω0 is an angular ve-
locity, so that a given charged carrier traverses a constant‐θ
latitude around the sphere and arrives back to its original po-





Specifically, charged carriers at different latitudes θ arrive at
their respective original starting positions after the same tem-
poral period of T0. Again, the selected n(r) and u(r) in Equa-
tions (101) and (103), respectively, are not unique for a given
J(r) in Equation (7) but are convenient in calculating the total
electric current I0. Substitution of Equations (101) and (103)




δðr − aÞ sinðθÞ bϕðϕÞ: ð105Þ
In this simplified model of J(r), the total amount of
charge carrier on the surface of the sphere is qN0, since
there are a total of N0 charge carriers on the sphere sur-
face. Also, each of these charge carriers travels around the
sphere in the bϕðϕÞ direction with the same constant
angular frequency Ω0, and thus each arrives at its respective
initial starting position after the same time interval of T0 in
Equation (104). Thus, the total electric current I0 is equal
to the ratio of the total moving charge qN0 over the time
T0 for each charge carrier to traverse a constant θ lati-










Thus, Equation (106) gives qN0Ω0 = 2πI0 to be used in
Equation (105) to obtain Equation (7), which is the intended
result. Again, Equation (7) applies for any selection of the qσ,
nσ(r), and uσ(r) which give the required J(r) in Equation (99),
although the derivation of the relationship between J(r) and I0
for alternative choices of the qσ, nσ(r), and uσ(r) may be less
obvious than for that of Equations (101) and (103) presented
herein.
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